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We show how the universal low-energy properties of Weyl semimetals with spatially varying time-
reversal (TR) or inversion (I) symmetry breaking are described in terms of chiral fermions experi-
encing curved-spacetime geometry and synthetic gauge fields. By employing Clifford representations
and Schrieffer-Wolff transformations, we present a systematic derivation of an effective curved-space
Weyl theory with rich geometric and gauge structure. To illustrate the utility of the formalism,
we give a concrete prescription of how to fabricate nontrivial curved spacetimes and event horizons
in topological insulators with magnetic textures. Our theory can also account for strain-induced
effects, providing a powerful unified framework for studying and designing inhomogeneous Weyl
materials.
Introduction– Semimetals and quantum liquids with
linear dispersion near degeneracy points exhibit emergent
relativistic physics at low energies. Topological Dirac
and Weyl semimetals [1–19] have proven particularly fer-
tile condensed-matter playground to study the interac-
tion of chiral fermions with gauge fields. These systems
display the rich physics of quantum anomalies discovered
originally in the relativistic setting [20–22]. In trans-
lationally invariant systems the two-fold band-touching
in Weyl semimetals can be associated with a conserved
Berry charge which is topologically protected. Moreover,
even in the presence of spatially varying perturbations
the low-energy properties can be understood in terms of
Weyl particles experiencing artificial gravity and gauge
fields [23]. The condensed-matter setting allows for re-
markable opportunities in engineering synthetic gauge
fields and geometries that mimic and generalize the phe-
nomenology of high-energy physics [16, 24–34].
A popular starting point for geometry and gauge-
field engineering in semimetals is a strain-distorted tight-
binding model [35–40]. This description, case-specific to
a particular lattice and orbital structure, can often be
regarded as a formal device to obtain a long-wavelength
theory. While being a powerful method for fabricating
synthetic gauge fields, strain engineering has the limi-
tation of producing effective geometries that are small
perturbations from flat space. To obtain more general
3d geometries, Ref. 23 proposed a new method of fab-
ricating spatially varying TR and I-breaking textures.
Semiclassical dynamics of carriers then reflect the in-
terplay of effective curved geometry and Berry curva-
ture effects. The purpose of the present work is to es-
tablish a general and fully quantum-mechanical descrip-
tion of inhomogeneous Weyl semimetals. By employ-
ing Clifford representations and Schrieffer-Wolff (SW)
transformations [41], we systematically consider generic
TR and I breaking patterns and provide a controlled
derivation of the low-energy Weyl Hamiltonian HW =
V σ0 + eia(ki−KW,i− i2e bi ∂jejb)σa. Here σa denotes the
set of Pauli matrices supplemented by a unit matrix. The
effective geometry is encoded in the frame fields eia while
the effective gauge field receives contributions from the
spatial variation of the Weyl point KW,i and the frame
fields. Our theory can also account for strain-induced
effects and provides a unified low-energy description of
inhomogeneous Weyl semimetals.
The obtained low-energy theory has a number of re-
markable consequences. In general, spatially varying TR
and I-breaking textures give rise to frame fields and met-
ric tensors that mix time and space components. In con-
trast to mere curved space geometries realized by strain
engineering, we obtain nontrivial spacetime geometries.
Also, the spectral tilt of the Weyl dispersion can be tuned
by TR and I breaking textures. To demonstrate this ef-
fect in detail, we consider 3d topological insulators with
magnetic textures. Strikingly, various magnetic textures
give rise to Weyl semimetal phase with a spatial inter-
face between type I and type II regions. We show that
the effective geometry near the interface emulates the
Schwarzschild metric at a black hole event horizon. Our
work provides powerful tools to analyze and design the
properties of inhomogeneous Weyl materials.
Inhomogeneous Weyl systems– The starting point of
our theory of inhomogeneous Weyl systems is a generic
four-band parent state with both time-reversal and in-
version symmetry intact. By introducing spatially vary-
ing TR or I breaking fields the parent state is driven
to an inhomogeneous Weyl semimetal phase. The min-
imal model for the parent states is characterized by the
Hamiltonian [23]
H0 = n(k)I+ κi(k)γi +m(k)γ4, (1)
where the repeated indices are implicitly summed over,
I is the identity matrix, and γµ with µ = 1, 2, 3, 4 de-
notes the four gamma matrices satisfying anticommuta-
tion relations {γµ, γν} = 2δµν . The parameters n(k) and
m(k) are even functions of the momentum while κi(k)
is odd. Therefore γ1,2,3 are odd under both TR and I,
while γ4 is even. The fifth gamma matrix is defined as
γ5 = γ1γ2γ3γ4, which is odd under both TR and I.
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2To write down the most general 4× 4 Hamiltonian we
introduce ten additional matrices, γij = −i[γi, γj ]/2. It
is convenient [13, 23] to separate the ten matrices into
three vectors b = (γ23, γ31, γ12), b
′ = (γ15, γ25, γ35),
p = (γ14, γ24, γ34), and one scalar ε = γ45. The transfor-
mation properties of the four groups can be easily de-
duced from their constituent gamma matrices, and it
turns out that b and b′ break TR symmetry, while p
and ε break I symmetry. The general 4× 4 Hamiltonian
with TR and I breaking terms can thus be written as
H = H0 + u · b+w · p+ u′ · b′ + fε, (2)
where the functions u, w, u′, and f characterize the sym-
metry breaking fields which are position dependent. Be-
cause r is even under TR but odd under I, w and f should
be even functions of r to break the inversion symmetry.
If u and u′ are not even functions of r, the inversion
symmetry is also broken. But since u and u′ fields al-
ways break time-reversal symmetry irrespective of their
r dependence, we label them as time reversal symmetry
breaking terms. In general, we regard TR and I-breaking
terms as smooth functions position r and assume that
r and k are conjugate variables [ri, kj ] = iδij . Elastic
deformations and strain typically induce spatial depen-
dence in H0 [35–40]. While we are mainly considering
inhomogeneous TR and I breaking, we will discuss below
how strain is included in our formalism in the continuum
limit.
TR-breaking case– Here we derive an effective curved-
space Weyl equation for inhomogeneous TR breaking sys-
tems in two opposite limits, vanishing mass (m = 0) and
large mass. Physically these correspond to metallic and
insulating parent states. We consider u(r) ·b term which
corresponds to 3d magnetization or any field which trans-
forms as magnetization under TR and spatial rotations.
The unit matrix term n(k) can be set zero since it only
shifts the energy. For the m(k) = 0 case the Hamiltonian
can be readily block diagonalized. Defining two sets of
Pauli matrices σi and τi (σ0 and τ0 are the 2×2 unit ma-
trix) and working in the chiral representation γi = τ3⊗σi,
γ4 = τ1 ⊗ σ0, the Hamiltonian splits to two blocks
H±W = [ui(r)± κi(k)]σi = d±i (k, r)σi. (3)
The local Weyl point are determined by d±i = ui(r) ±
κi(KW ) = 0. Thus u(r) give rise to an axial gauge field
while the frame fields can be straightforwardly obtained
as indicated [by Eq. (8)] below.
The complementary regime of nonzero mass gives rise
to rich geometric and gauge structure. It is convenient
to parametrize the symmetry breaking fields as u(r) =
u(r)(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)). To de-
rive an effective Weyl Hamiltonian, we first rotate the
fields along the z direction by applying a unitary trans-
formation, W †(r)u ·bW (r) = u(r)b3. This is achieved by
choosing W = exp (−iφb3/2) exp (−iθb2/2). The Hamil-
tonian after the transformation becomes
H ′ =
1
2
{Eiaγa, κi(k− ω)}+m(k− ω)γ4 + uγ12. (4)
The anticommutator structure results from the noncom-
mutativity of position and momentum. Here Eia with i
and a running from 1 to 3 are frame fields defined through
W †γiW = Eiaγ
a. Using the frame fields we can define
a metric gij = EiaE
j
bη
ab with η being the Minkowski
metric, η = diag(−1, 1, 1, 1). The indices i, j, k can be
raised or lowered by gij or its inverse gij , and a, b, c
are raised or lowered by ηab or ηab. It is easy to ver-
ify that EiaE
b
i = δ
b
a and E
i
aE
a
j = δ
i
j . The spin con-
nection ω = iW †∂rW can be written in terms of the
frame fields as ωi = ω
ab
i γab = −E aj ∇iEjbγab/4, with ∇
being the covariant derivative on the manifold. Alterna-
tively, ω can also be viewed as a SU(2) gauge connection
ωi = ω
j
i bj . Eq. (4) describes a Dirac electron moving in
a curved space [42] in the presence of time reversal sym-
metry breaking field u. The elegant gauge structure of
Eq. (2) is discussed in detail in the Supplemental Infor-
mation (SI). While the Dirac equation still describes flat
space gij = δij , it contains redundant high-energy bands.
The curved space geometry and gauge fields emerge as we
project the four band Dirac Hamiltonian, Eq. (4), to the
two band low-energy Weyl Hamiltonian. If the symmetry
breaking field u is constant, this can be done exactly by
a momentum dependent unitary transformation. How-
ever, for position dependent fields we are interested in,
this method is no longer exact since the momentum and
position do not commute with each other. There will be
additional terms related to the derivatives of the fields
that mix the high and low energy degrees of freedom,
and in general it is impossible to perform the block diag-
onalization. However, in the large mass limit and slowly
varying fields we can derive an effective low energy theory
in a controlled way by employing the SW transformation.
First we expand Eq. (4) to the first order in derivatives
of the symmetry breaking field. This yields
H ′ ≈ κ˜i(k, r)γi +m(k)γ4 + uγ12 + u′ib′i + fγ45, (5)
where κ˜i = {κi(k), Eia(r)}/2, u′i = ∂kjmω ij , and f =
∂kjκiω
a
j E
i
a. Choosing a particular representation γ1 =
τ0 ⊗ σx, γ2 = τ0 ⊗ σy, γ3 = τx ⊗ σz, γ4 = τz ⊗ σz, the
terms proportional to γ1,2,4, b3 and b
′
3 are block diago-
nal. Employing the SW transformation, we seek matrix
S such that the unitary equivalent Hamiltonian eSH ′e−S
is block diagonal. In the SI we explicitly write S in the
lowest order in the large mass limit u′i/m, κ
′
3/m  1.
The transformed Hamiltonian is block-diagonal, yielding
an effective Weyl Hamiltonian
HW = da(k, r)σ
a, (6)
with di=1,2 = κ˜i − fu′i/(2m)− fu′i/(2u), d3 = −m+ u−
(κ˜23 + f
2)/(2m) + (u
′2
1 +u
′2
2 )/(2u), and d0 = u
′
3 + fκ˜3/m.
The Weyl points are determined by di=1,2,3 = 0, and due
3to the inversion symmetry, if KW is a Weyl point, −KW
will also be a Weyl point. The higher-order corrections
to Eq. (6) are proportional to ∂2kκi(∂ru)
2, ∂2km(∂ru)
2,
which are always small for smooth u and vanish com-
pletely for H0 with a linear dispersion. Expanding the
Hamiltonian around KW , we arrive at our main result
HW ≈ V σ0 + eia(ki −KW,i −
i
2
e bi ∂je
j
b)σ
a, (7)
where i = 1, 2, 3 and a = 0, 1, 2, 3. The Weyl point de-
pends on the position and can be interpreted as U(1)
vector potential, and V = d0(KW ) − i2e b0 ∂jejb acts as
an effective scalar potential. The potentials acquire cor-
rections from the frame fields, ensuring the Hamiltonian
Hermitian. The frame fields are defined through
eia(r) =
∂da
∂ki
∣∣∣∣
KW
, (8)
with additions e00 = −1 and e01,2,3 = 0. We obtain from
the frame fields the emergent metric gµν = eµae
ν
bη
ab.
Explicitly,
g00 = −1, g0i = ei0, gij = −ei0ej0 + eiaeja. (9)
It should be stressed that, as indicated by the effective
metric tensor with space and time mixing terms g0i, the
emergent geometry of Eq. (44) is fundamentally different
from the inhomogeneous strain induced metrics that do
not contain the mixing terms. The dispersion relation
of the Weyl fermion can be determined by gµνpµpν = 0
with p = (ω,k), which gives
ω = ei0ki ±
√
eile
j
lkikj . (10)
If |ei0e li | < 1, it is a type I Weyl semimetal, and |ei0e li | >
1 we obtain a type II Weyl semimetal with over-tilted
Weyl cone. Remarkably, as shown below, this fact can be
employed in engineering a spatial interface between type
I and type II Weyl semimetals. The interface between
type I and type II Weyl semimetals, which could simulate
properties of the black hole horizon, may be designed
experimentally by controlling the magnetic texture. This
could open a method to study Hawking radiation [43, 44]
and quantum chaos [45–48] in Weyl semimetals.
To conclude this section, we outline how things would
have changed had we considered the other TR-breaking
triplet u′ · b′ instead of u · b. In this case, we can use
essentially the same method to derive a two-band model,
but in general this leads to a nodal line semimetal [13]
instead of a Weyl semimetal. While interesting, this case
is not relevant for Weyl-type behaviour and postponed
to the SI.
I-breaking case– The derivation of the curved-space
Weyl Hamiltonian can be extended to I-breaking sys-
tems. Several Weyl materials that break inversion (but
preserve TR) symmetry have be observed [15–17]. In
general, a spatially varying I-breaking term w(r) · p can
FIG. 1. Magnetic textures and the corresponding
event horizons. (a)-(b), u = u(sin r/ξ, 0, cos r/ξ) with
u/m = 11/10 and mξ =
√
2. The horizon is a
conical surface defined by x2 + z2 = y2/4. (c)-(d),
u = (−u||y/
√
x2 + y2, u||x/
√
x2 + y2, u3), where u|| =
u0 exp (−
√
x2 + y2/ξ), u3/m = 10/9, u0/u3 = 1/9, and
mξ = 9/70. The horizon is a cylinder surface with the radius
about 0.232ξ. The values of the coordinates in both plots are
given in the units of ξ.
be treated similarly as the TR breaking case. This has
been carried out in the SI where we obtain an I-breaking
variant of Eq. (6). The essential difference from the TR-
breaking case is that the role of the mass term m is played
by κ˜1 or κ˜2. Thus, the controlling parameter in this situ-
ation is κ˜1 (or κ˜2) instead of m. Assuming κ˜1 sufficiently
large, which is also a required to obtain Weyl points in
this case, we can find a SW transformation to block-
diagonalize H ′ and obtain a two-band Hamiltonian. Fi-
nally, analogously to the u′ · b′ term, the fγ45 term as
a sole I-breaking term leads to a nodal line semimetal as
shown in the SI.
Application I: engineering tilts and horizons– Here we
illustrate the power and utility of the developed formal-
ism by proposing concrete systems with spatial interface
between type I and type II Weyl fermions. We consider
a simple parent model with κi = ki and m(k) = m
which could be realized in 3d TR-invariant insulators
with magnetization texture [23] or in the topological
insulator–magnet heterostructures [12]. The TR break-
ing field, representing for example 3d magnetization,
is parametrized as u = u(r)(sin θ cosφ, sin θ sinφ, cos θ)
with spatially varying angles.
Following the procedure discussed above, we obtain an
effective 2 × 2 Hamiltonian with d1 = kx cos θ cosφ +
ky cos θ sinφ − kz sin θ, d2 = −kx sinφ + ky cosφ, d3 =
u−m− (κ˜23 + f2)/(2m), and d0 = −κ˜3f/m, where κ˜3 =
4kx cosφ sin θ + ky sinφ sin θ + kz cos θ and f = (∂rzφ +
cosφ∂ryθ−sinφ∂rxθ)/2. The products of k and r depen-
dent terms should be understood as symmetrized. For
the lowest-order of the SW transformation to be a good
approximation around the Weyl point, the condition
u−m m should be satisfied. The Weyl points are de-
termined by ±KW = ±KW (sin θ cosφ, sin θ sinφ, cos θ)
with KW =
√
2m(u−m)− f2. For simplicity we
assume that 2m(u − m) − f2 > 0 such that there
always exist two well-separated Weyl points. Ex-
panding around KW , we obtain the linearized Weyl
Hamiltonian with the frame fields being e00 =
−1, ei0 = −f/m(sin θ cosφ, sin θ sinφ, cos θ), ei1 =
(cos θ cosφ, cos θ sinφ,− sin θ), ei2 = (− sinφ, cosφ, 0),
and ei3 = −KW /fei0. After straightforward calcula-
tions, we find ei0e
x
i = e
i
0e
y
i = 0, and e
i
0e
z
i = f/KW .
Therefore if |f/KW | < 1, the node is of type I, if
|f/KW | > 1, it is of type II, and the interface between
the type I and type II regions, i.e., the event horizon, is
determined by |f/KW | = 1. In the SI it is shown that
in a suitable local basis the metric is analogous to the
Schwarzschild metric near the horizon in the Gullstrand-
Painleve´ coordinates [43, 49, 50].
Having worked out the general case, we now study a
special case with u as a constant, φ = 0, and θ = r/ξ
with r =
√
x2 + y2 + z2. Correspondingly, we find
f = y/(2rξ). This magnetic texture is slowly varying
in the length scale much smaller than ξ. Since 0 ≤ |f | ≤
1/(2ξ), there always exists a type I region, and to have a
type II region, the condition 4m(u − m)ξ2 < 1 should
be satisfied. The the event horizon is determined by
y2 = 4ξ2m(u−m)r2, which defines a conical surface, see
Fig. 1(a)-(b). Clearly, the interface can be tuned when
it is possible to manipulate ξ. Thus, the horizon may be
tuned experimentally, providing a way to simulate the
Hawking radiation using Weyl semimetals [43, 44]. As
depicted by Figs. 1(c)-(d), different shapes of the event
horizon can also be realized, see SI for more details.
Application II: inclusion of strain effects– As noted
above, there exists a significant body of literature on
strain-induced artificial gauge fields and synthetic geom-
etry [35–40]. In these treatments the strain effects man-
ifest at the level of the TR and I preserving parent state
Hamiltonian H0 which becomes position dependent. In
this respect, the strain engineering can be viewed as com-
plementary to the studied case with spatially dependent
TR and I-breaking fields. However, here we show how to
incorporate the strain effects to a unified theory of inho-
mogeneous Weyl systems in the continuum limit. In the
presence of small strain, the spatial metric is related to
the strain tensor uij as gij = δij + 2uij , and the frame
fields can be chosen as E¯ia = δ
i
a−δajuij [35]. Employing
these frame fields E¯ia and the corresponding spin connec-
tion ω¯, the four band Dirac Hamiltonian in the presence
of strain and TR breaking field u(r) ·b can be written in
a Hermitian form as (we assume κi = ki and m(k) = m)
H0 =
1
2
{
E¯iaγ
a, ki − ω¯i
}
+mγ4 + u(r) · b. (11)
This prescription can be understood as a momentum-
dependent minimal substitution [26] accounting for
strain. The strain-induced gauge fields [37, 51] are en-
coded in the frame fields and the spin connection [35, 52].
Using the same unitary transformation W as previously,
we can rotate u ·b along the z direction, and the Hamil-
tonian after rotation becomes
H ′ =
1
2
{
E˜iaγ
a, ki − ω˜i
}
+mγ4 + u(r)b3, (12)
where E˜ia = E¯
i
bE
b
a and ω˜ = W
†ω¯W + ω are the new
frame fields and the modified spin connection containing
the combined effects of strain and inhomogeneous TR
breaking. In the SI we show that the spin connection
transforms exactly in agreement with the modification
of the frame fields. Thus, after inclusion of strain ef-
fects, Eq. (12) takes mathematically the same form as
Eq. (4) without strain. We can proceed with the projec-
tion to the low-energy space precisely as before to obtain
an effective Weyl Hamiltonian of form Eq. (44), now ac-
counting for the strain and inhomogeneous TR-breaking
texture.
Summary and outlook– By employing Clifford repre-
sentations and Schrieffer-Wolff transformations, we car-
ried out a controlled derivation of quantum-mechanical
low-energy theory for chiral fermions in Weyl semimetals
with smooth TR and I breaking textures. The result-
ing effective Weyl Hamiltonian, describing carriers expe-
riencing an effective curved spacetime, provides a unified
approach also in the presence of strain. To illustrate
the utility of the developed formalism, we proposed a
concrete prescription to realize a spatial type I–type II
interface in magnetic topological insulators. This inter-
face is mathematically analogous to an event horizon of a
black hole and may provide an experimental access to ex-
otic high-energy phenomena. The developed low-energy
theory is applicable to a wide variety of inhomogeneous
Weyl semimetals and provides a powerful framework for
analyzing and designing these systems.
An interesting avenue for future work is the generaliza-
tion of our theory to time-dependent TR and I-breaking
textures that give rise to non-stationary geometries and
gauge fields. Another intriguing problem concerns the
connections between different geometric responses in
Weyl semimetals. As highlighted in the present work,
low-energy carriers respond to magnetization through the
change of effective geometry. This is analogous to elastic
deformations in response to stress. Furthermore, thermal
transport coefficients are also related to effective geome-
try through gravitational response [31, 53]. These facts
lead us to speculate on possible novel connections be-
tween seemingly distinct (magnetic, elastic, and thermal)
response properties.
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SUPPLEMENTAL INFORMATION to “Curved spacetime theory of
inhomogeneous Weyl materials”
In this supplement we give detailed derivations of a number of results in the main text. To make the supplement
self-contained we introduce the notation and background briefly. Our starting point is the parent Hamiltonian
H0 = κi(k)γ
i +m(k)γ4. (13)
Throughout this paper we use the Minkowski metric with the signature (−,+,+,+) and γi = γi for i = 1, 2, 3. Also
note that the gamma matrices used in this paper are Hermitian, satisfying {γi, γj} = 2δij for i, j = 1, 2, 3, 4. The fifth
gamma matrix is defined as γ5 = γ1γ2γ3γ4, which is also Hermitian and anticommutative with others. Using these
gamma matrices we can construct ten additional matrices γij = −i[γi, γj ]/2, which can be separated into four groups
as [13, 23] b = (γ23, γ31, γ12), b
′ = (γ15, γ25, γ35), p = (γ14, γ24, γ34), and ε = γ45. It is straightforward to verify the
commutation relations
[bi, bj ] = [b
′
i, b
′
j ] = [pi, pj ] = i2εijkbk, [bi, b
′
i] = [bi, pi] = [b
′
i, pi] = 0, (14)
which will be useful later. Using these matrices and the identity matrix, we can write the most general 4 × 4
Hamiltonian. We require that H0 is invariant under both time reversal and inversion, and the parameters κi are odd
function of k while m is even. From these the transformation properties of the 15 matrices under time reversal and
7inversion can be determined: γ1,2,3 are odd under both, γ4 is even under both, b and b
′ are odd and time reversal
but even under inversion, and p and ε are even under time reversal but odd under inversion.
To obtain Weyl points, time-reversal or inversion symmetry must be broken. In the following we consider four
types of spatially dependent symmetry breaking fields, u(r) ·b, u′(r) ·b′, w(r) ·p, and f(r)ε. It is clear that u(r) ·b
and u′(r) · b′ always break the time reversal symmetry, and therefore we will call them the time reversal symmetry
breaking terms. They can also break the inversion symmetry if the fields u(r) and u′(r) are not even functions of r.
The other two terms, w(r) ·p and f(r)ε, preserve the time reversal symmetry, and they break the inversion symmetry
if w(r) and f(r) are not odd functions of r. In the following we assume w(r) and f(r) are not odd functions of r and
call w(r) · p and f(r)ε the inversion symmetry breaking terms.
EFFECTIVE WEYL HAMILTONIANS FOR TR-BREAKING CASES
In this section we present detailed derivations of the effective two-band Weyl Hamiltonians from the 4× 4 systems.
u(r) · b term
We first consider the Hamiltonian with the u · b term
H = κi(k)γ
i +m(k)γ4 + u(r) · b. (15)
We parameterize the symmetry breaking fields as
u(r) = u(r)(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)), (16)
then u(r) · b can be rotated along the z direction by a unitary transformation
W (r) = e−i
φ
2 b3e−i
θ
2 b2 , (17)
i.e., W †(r)u · bW (r) = u(r)b3. The Hamiltonian after the transformation becomes
H ′ = W †HW =
1
2
W †κi(k)WW †γiW +
1
2
W †γiWW †κi(k)W +W †m(k)Wγ4 + u(r)b3. (18)
In the above equation have used the facts that [γ4,W ] = 0 and [κi(k), γ
i] = 0. Introducing the notations W †γiW =
Eiaγ
a and iW †∂rW = ω, H ′ can be written as
H ′ =
1
2
{κi(k− ω), Eiaγa}+m(k− ω)γ4 + u(r)b3. (19)
Explicitly, we have
Eia =
 cos θ cosφ − sinφ cosφ sin θcos θ sinφ cosφ sinφ sin θ
− sin θ 0 cos θ
 . (20)
Note that each column (row) of the matrix Eia is normalized and orthogonal to other columns (rows), i.e., E
i
aE
j
a = δ
ij
and EiaE
i
b = δab. Up to now what we have done is simply a local coordinate transformation: At every spatial point
rp, we choose a local coordinate system in which the vector u(rp) is along the z direction. It is easy to check that the
new basis vector (frame) is Ea = E
i
a∂i (here ∂i is the basis vector in the tangent space, which in this case is simply
the cartesian coordinate basis). Denoting the inverse matrix of Eia as E
a
i , we have ∂i = E
a
i Ea. Now it is clear that
we can interpret Eia as the frame fields [54], and as we will see, H
′ takes the same form as the Dirac Hamiltonian
in curved space. Using the frame fields we can define the metric gij through the standard Euclidean metric δab as
gij = EiaE
j
bδ
ab = δij . Note that gij is still flat. With the metric gij and its inverse g
ij , we can low or raise the
spatial indices i, j, k, and the Euclidean metric δab and δ
ab are used to low or raise the indices a, b, c. For example, we
can write E ai = gijδ
abEjb. We have E
a
i E
j
a = δ
i
j and E
a
i E
i
b = δ
a
b , i.e., the inverse of the frame fields are obtained
through lower or raise the index using the metric. We may calculate ω directly from its definition, but to understand
its meaning we calculate it in the following way,
i∂rjE
iaγa = i∂rj (W
†γiW ) = i(∂rjW
†)WW †γiW + iW †γiWW †∂rjW = −ωjEiaγa + Eiaγaωj , (21)
8then we have
γaωj − ωjγa = iEia∂rjEibγb. (22)
Since W depends on γbc, ωj also depends on γbc and can be written as ωj = ω
bc
j γbc. Because [γa, γbc] = 0 if a 6= b, c
and {γa, γbc} = 0 if a = b or a = c, we have γaγbcγa = −γbc, and therefore γaωjγa = −ωj . Left multiplying both side
of Eq. (22) by γa and summing over a, we find that ω is the spin connection,
ωj =
i
4
E ai ∂rjE
ibγaγb = −1
4
E ai ∂rjE
ibγab = −1
4
E ai ∇rjEibγab = ω abj (r)γab ≡ ω aj (r)ba. (23)
In the above derivations we have used that ∂rj = ∇rj , which is a consequence of gij = δij . Taking κi = ki, it is clear
that H ′ takes the form of the Dirac Hamiltonian in curved space [42]. Explicitly, the spin connection reads
ωi =
∂riφ
2
cos θγ12 − ∂riφ
2
sin θγ23 +
∂riθ
2
γ31. (24)
Including strain effects
It seems that we have just formulated the problem in a more complicated way; however, one advantage of Eq. (19)
is that, it provides a unified description of inhomogeneous strain and spatially varying symmetry breaking fields. In
the presence of small strain, the spatial metric is related to the strain tensor uij as gij = δij + 2uij , and the frame
fields can be chosen as [35] E¯ia = δ
i
a − δajuij , using the frame fields E¯ia and the corresponding spin connection ω¯,
the Hamiltonian in the presence of strain and u · b fields is (we assume κi = ki and m(k) = m)
H =
1
2
{
E¯iaγ
a, ki − ω¯i
}
+mγ4 + u(r) · b. (25)
After a unitary transformation we get
H ′ = W †HW =
1
2
{
E¯iaE
a
bγ
b, ki −W †ω¯iW − ωi
}
+mγ4 + u(r)b3, (26)
as we have discussed above, physically, what we have done is simply to rewrite H by using the new frame fields
E˜ib = E¯
i
aE
a
b. And it can be shown that ω˜ = W
†ω¯W + ω is indeed the spin connection corresponding to the new
frame fields,
ω˜i = −γab
4
E˜ aj ∇iE˜jb = −
γab
4
E¯ cj E
a
c ∇i(E¯jeE be ), (27)
= −γab
4
(
E¯ cj E
a
c ∂i(E¯
jeE be ) + E˜
a
j Γ
j
imE˜
mb
)
, (28)
= −γab
4
(
E ac E
b
e E¯
c
j ∂iE¯
je + E¯ cj E
a
c Γ
j
imE¯
meE be + E¯
c
j E¯
jeE ac ∂iE
b
e
)
, (29)
= −γab
4
(
E ac E
b
e ω¯
ce
i + ω
ab
i
)
= W †ω¯iW + ωi. (30)
In the following we shall understand Eq. (19) in the general sense that the frame fields in Eq. (20) may also receive
the above stated modification accounting for strain.
Block diagonalization by the Schrieffer-Wolff transformation
Another advantage is that H ′ does not contain b1 and b2, making it more easier to be block-diagonalized. Assuming
that u is independent of r, then the frame fields are also independent of r and the spin connection vanishes. In
this case H ′ can be block-diagonalized by a momentum dependent unitary transformation U(k) = eiϕγ34/2 with
tanϕ = −m(k)/(κi(k)Ei3),
H ′c = U
†(k)H ′U(k) = κi(k)Ei1γ
1 + κi(k)E
i
2γ
2 +
√
m2(k) + (κi(k)Ei3)
2γ3 + uγ12, (31)
and the Weyl points are determined by κi(k)E
i
1 = κi(k)E
i
2 = 0 and
√
m2(k) + (κi(k)Ei3)
2 − u = 0. We can
choose different unitary transformations and the resultant Hamiltonians take different forms, but conditions for the
Weyl points are the same. In Ref. 23, the spatially varying u was investigated and the spin connection was ignored
9and the momentum and position operators are treated as c numbers. Under these approximations, the effective Weyl
Hamiltonian takes the same form as Eq. (31), with Eia being replaced by the position dependent counterpart. For this
reason we call Eq. (31) the classical Hamiltonian, denoted by the subscript c. The purpose of this paper is to take into
account the quantum nature of the momentum and position operators and include the effect of the spin connection.
One may expect that there will be corrections to Eq. (31), depending on the spin connection and derivatives of the
frame fields. For slowly varying fields u(r), we expect the corrections are small and can be investigated in a controlled
manner. However, Eq. (31) is not a good starting point to study the corrections because to obtain it, we have to
use a complicated unitary transformation which is nonlinear in terms of κ and Eia, making it difficult to include the
corrections in a controlled way. A straightforward observation is that, for large m, we can expand
√
m2 + (κiEi3)
2 as√
m2 + (κiEi3)
2 = m+
(κiE
i
3)
2
2m
+ · · · , (32)
and this result can also be obtained from H ′ by a simple unitary transformation which allows us to have a better control
of the corrections. Since we are mainly interested in the physics around the Weyl points, the large m condition can
be relaxed to u(r) − |m(KW )|  u(r). Also note that if the opposite condition is satisfied, i.e., |m(KW )|/u(r)  1,
we can expand
√
m2 + (κiEi3)
2 as κiE
i
3 + m
2/(2κiE
i
3), which can also be obtained from H
′ through a simple
unitary transformation. So our strategy is to block-diagonalize H ′ order by order by using the Schrieffer-Wolff
transformation [41]. This, of course, depends on whether there exits a control parameter like m in Eq. (32). In
this sense our result is not as general as Eq. (31); however, as we will show, the corrections from ω can change the
structure of the classical Hamiltonian and give rise to new phenomena that cannot be captured by Eq. (31).
Before proceeding further, we briefly recall the Schrieffer-Wolff transformation [41]. Let H be a Hamiltonian acting
on the Hilbert space H. SupposeM is a subspace of H we are interested in, then we can spit H as H = Hdiag+Hoff−diag,
where Hdiag = PHP +(1−P )H(1−P ) and Hoff−diag = PH(1−P )+(1−P )HP with P being the projection operator
that projects a state in H to M. We use a unitary transformation e−S to eliminate the off-diagonal Hamiltonian,
e−SHeS = H − [S,H] + 1
2
[S, [S,H]] + · · · (33)
= Hdiag +Hoff−diag + [Hdiag, S] + [Hoff−diag, S] +
1
2
[S, [S,Hdiag]] +
1
2
[S, [S,Hoff−diag]] + · · · . (34)
Let S = S0 + S1 + · · · , and chose S0 such that Hoff−diag + [Hdiag, S0] = 0, then up to the lowest order, we get the
effective Hamiltonian
Heff = e
−S0HeS
0
= Hdiag +
1
2
[Hoff−diag, S0]. (35)
Note that Heff is block-diagonalized because S
0 is off-diagonal.
Now we apply this method to our problem. We are interested in the lowest order corrections, i.e., the corrections
that contain only the first order derivatives with respect to r and (or) k. To this end it is enough to expand H ′ as
H ′ ≈ 1
2
{κi(k)− ∂κi
∂kj
ωj , E
i
aγ
a}+m(k)γ4 + ∂m
∂kj
γ4ωj + u(r)b3, (36)
=
1
2
{κi(k), Eiaγa} −
1
2
∂κi
∂kj
ω bcj E
i
a{γbc, γa}+m(k)γ4 +
∂m
∂kj
ω abj γ4γab + u(r)b3, (37)
=
1
2
{κi(k), Eia}γa +
∂κi
∂kj
ω aj E
i
aγ45 +m(k)γ4 +
∂m
∂kj
ω aj γa5 + u(r)b3, (38)
≡ κ˜a(k, r)γa +m(k)γ4 + u(r)b3 + u′i(k, r)b′i + f(k, r)ε. (39)
We thus obtain Eq. (5) in the main paper. In the above expansion we have neglected the commutators between ω and
∂kκ and ∂km, which depend on higher derivatives of the symmetry breaking field u. Note that there are additional
terms proportional to b′ = (γ15, γ25, γ35) and ε = γ45. These terms are different from what we may add to the parent
Hamiltonian H0 since in general they depend also on the momentum. More importantly, for slowly varying u(r), these
additional terms are small because they depend on the derivatives of u(r), so we can treat them as perturbations.
In contrast, we do not assume the symmetry breaking fields directly added to H0 are small. Since u
′(k, r) contains
the first order derivative of m(k) with respect to k, it is odd under time reversal (odd function of k) and therefore
u′i(k, r)b
′
i is even under time reversal. Similarly, f(k, r)ε is also even under time reversal. Also, if the time reversal
symmetry breaking fields u(r) is even (odd) under inversion, u′i(k, r)b
′
i and f(k, r)ε will also be even (odd) under
inversion. In other words, the newly generated terms do not break the original symmetry of the Hamiltonian H.
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We assume that m is large, then to find the Schrieffer-Wolff transformation, it is convenient to use the following
presentations of the γ matrices, γ1 = τ0 ⊗ σx, γ2 = τ0 ⊗ σy, γ3 = τx ⊗ σz, and γ4 = τz ⊗ σz. The diagonal part of H ′
is Hdiag = κ˜1γ1 + κ˜2γ2 +mγ4 + ub3 + u
′
3b
′
3, and S
0 can be chosen as
S0 = − i
4
{
1
m
, κ˜3
}
τy ⊗ I − i
4
{
1
m
, f
}
τy ⊗ σz − i
4
{
1
u
, u′1
}
τy ⊗ σx − i
4
{
1
u
, u′2
}
τy ⊗ σy, (40)
=
i
4
{
1
m
, κ˜3
}
γ34 − i
4
{
1
m
, f
}
γ5 − i
4
{
1
u
, u′1
}
γ25 +
i
4
{
1
u
, u′2
}
γ15. (41)
In the second line we have rewritten S0 in a representation independent way. We also symmetrized the coefficients to
make e−S
0
Hermitian. It is easy to verify that[
Hdiag, S
0
]
= −Hoff−diag +H(2)off−diag, (42)
where H
(2)
off−diag depends on higher-order derivatives of u(r) as specified below.
After the Schrieffer-Wolff transformation, we obtain the effective Weyl Hamiltonian (we use the convention σa = σ
a),
HW ≡ daσa =
∑
i=1,2
(
κ˜i − fu
′
i
2u
− fu
′
i
2m
)
σi +
(
−m+ u− κ˜
2
3 + f
2
2m
+
u
′2
1 + u
′2
2
2u
)
σz −
(
fκ˜3
m
+ u′3
)
σ0. (43)
Note that the k and r dependent products should be understood as symmetrized, for example,
fu′i
u =
1
4 (
1
uu
′
1 +
u′i
1
u )f +
1
4f(
1
uu
′
i + u
′
i
1
u ). Since f ∼ ∂kκ∂ru and u′ ∼ ∂kκ∂ru, the effective Hamiltonian is accurate up to the order of
(∂k)
2(∂r)
2, and the next order correction is proportional to ∂2k(∂r)
2, which comes from the second order expansions
of κ(k−ω) and m(k−ω). For the examples discussed in the main text we consider linear spectrum ∂2kκ = ∂2km = 0,
so corrections actually vanish. If f(k, r) and u′(k, r) are omitted, we get essentially the same result as the classical
Hamiltonian Eq. (31). The most important new ingredient in Eq. (43) is the σ0 term, which is absent in Eq. (31) and
can lead to qualitatively different behaviour of the Weyl Hamiltonian. The Weyl points are determined by treating k
and r as c numbers and solving d1 = d2 = d3 = 0. We expand Eq. (43) around the Weyl point KW ,
HW ≈
(
d0(KW )− ie
b
0 ∂je
j
b
2
)
σ0 + eia
(
ki −KW,i − i
2
e bi ∂je
j
b
)
σa, (44)
where
eia(r) =
∂da
∂ki
∣∣∣∣
KW
(45)
is the frame field. We introduce e00 = −1 and e01,2,3 = 0 and then the frame fields can be written as a 4× 4 matrix.
The Weyl points can be interpreted as the emergent U(1) vector potential and d0(KW ) is the scalar potential, both
acquire corrections from the frame fields, ensuring that the Hamiltonian is Hermitian. Using the frame fields and the
Minkowski metric η = diag(−1, 1, 1, 1), we obtain the emergent metric gµν = eµaeνbηab. Explicitly, g00 = −1, g0i = ei0,
gij = −ei0ej0 + eiaeja. The component g0i is in general nonzero. Different from the frame fields in Eq. (19), eµa(r)
indeed leads to a curved spacetime. In general ei0 is nozero, so the Weyl cone will be tilted. If |ei0e li | < 1, it is still a
type I Weyl semimetal; if |ei0e li | > 1 the cone is over-tilted and we obtain a type II Weyl semimetal. As pointed out
by Volovik [43], the interface between the type I and type II regions can be viewed as the event horizon of a black
hole. As we demonstrate below, our theory suggest a concrete way to realize and control the event horizon.
TR-breaking u′(r) · b′ term
Now we discuss the time reversal symmetry breaking by u′(r) ·b′ term. As in the u ·b case, we parameterize u′(r)
as
u′(r) = u′(r)(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)), (46)
then because of Eq. (14), u′(r) ·b′ can be transformed to u′(r)b′3 by applying the same unitary transformation W (r).
The Hamiltonian after the transformation becomes
H ′ = W †HW =
1
2
{κi(k− ω), Eiaγa}+m(k− ω)γ4 + u′(r)b′3, (47)
≈ κ˜a(k, r)γa +m(k)γ4 + u′(r)b′3 + u′i(k, r)b′i + f(k, r)ε. (48)
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Treating k and r as c numbers and omitting ω, we can find a unitary transformation to block-diagonalize H ′ and the
resultant classical Hamiltonian can be written as,
H ′c = κ˜3γ3 +
√
κ˜21 + κ˜
2
2 +m
2γ4 + u
′γ35. (49)
Using the presentations of γ matrices γ1 = τx ⊗ σz, γ2 = τy ⊗ σz, γ3 = τz ⊗ σz, and γ4 = τ0 ⊗ σx, we can write the
Weyl Hamiltonian as
HW = −κ˜3σz +
(√
κ˜21 + κ˜
2
2 +m
2 − u′
)
σx, (50)
which actually describes a nodal line semimetal because the codimension of the degeneracy is 2. Taking into account
ω, H ′ can be block-diagonalized by
S0 =
i
4
{
1
m
, κ˜1
}
τx ⊗ σy + i
4
{
1
m
, κ˜2
}
τy ⊗ σy − i
4
{
1
u′ + u′3
, u′1
}
τy ⊗ σ0 + i
4
{
1
u′ + u′3
, u′2
}
τx ⊗ σ0, (51)
= − i
4
{
1
m
, κ˜1
}
γ14 − i
4
{
1
m
, κ˜2
}
γ24 − i
4
{
1
u′ + u′3
, u′1
}
γ31 +
i
4
{
1
u′ + u′3
, u′2
}
γ23. (52)
And the effective two band Hamiltonian is
HW = −
(
κ˜3 + f +
κ˜1u
′
1 + κ˜2u
′
2
2(u′ + u′3)
+
κ˜1u
′
1 + κ˜2u
′
2
2m
)
σz +
(
m+
κ˜21 + κ˜
2
2
2m
− u′ − u′3 −
u
′2
1 + u
′2
2
2(u′ + u′3)
)
σx, (53)
with the codimension unchanged.
INVERSION SYMMETRY BREAKING CASE
w(r) · p term
In this section, we study the inversion symmetry breaking terms. We first consider the w · p term, and as before,
the w field is parameterized as
w(r) = w(r)(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)), (54)
and then because of Eq. (14), we can use the same unitary transformation W to change the Hamiltonian to
H ′ = W †HW =
1
2
{κi(k− ω), Eiaγa}+m(k− ω)γ4 + w(r)γ34, (55)
≈ κ˜a(k, r)γa +m(k)γ4 + w(r)γ34 + u′i(k, r)b′i + f(k, r)ε. (56)
As we have discussed before, the additional terms u′i(k, r)b
′
i and f(k, r)ε preserve the time reversal symmetry. These
terms also preserve the inversion symmetry if w(r) is even under inversion. If the w field contains a odd part, the
additional terms also break the inversion symmetry. (Recall that w must contain an even part for w · p to break the
inversion symmetry.) So the newly generated terms do not break the original symmetry of H.
The classical Hamiltonian is obtained by omitting u′i(k, r)b
′
i, f(k, r)ε and the noncommutativity of k and r, and
can be written as
H ′c =
√
κ˜21 + κ˜
2
2γ1 + κ˜3γ3 +mγ4 + wγ34. (57)
The Weyl points are determined by
√
κ˜21 + κ˜
2
2 − w = 0, κ˜3 = 0, and m = 0. From these we see that, different from
the time reversal symmetry breaking cases, m cannot be used as the controlling parameter in the inversion symmetry
breaking case because it must vanish at the Weyl point (it may get small corrections as will be shown later, but
this does change the conclusion). Instead, we may use κ˜1 or κ˜2 as the controlling parameter in the Schrieffer-Wolff
transformation. Assuming κ˜1 is large enough and using the representations of γ matrices γ1 = τ0 ⊗ σx, γ2 = τx ⊗ σy,
γ3 = τ0 ⊗ σz, and γ4 = τz ⊗ σy, the diagonal part of H ′ is Hdiag = κ˜1γ1 + κ˜3γ3 +mγ4 +wγ34 + u′2γ25, and S0 can be
chosen as
S0 = − i
4
{
1
κ˜1
, κ˜2
}
τx ⊗ σz + i
4
{
1
κ˜1
, u′1
}
τy ⊗ σy − i
4
{
1
w
, f
}
τy ⊗ σx + i
4
{
1
w
, u′3
}
τx ⊗ σ0, (58)
= − i
4
{
1
κ˜1
, κ˜2
}
γ12 +
i
4
{
1
κ˜1
, u′1
}
γ5 +
i
4
{
1
w
, f
}
γ35 − i
4
{
1
w
, u′3
}
γ45. (59)
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The effective Weyl Hamiltonian is
HW =
(
κ˜1 +
κ˜22 + u
′2
1
2κ˜1
− f
2 + u
′2
3
2w
− w
)
σx +
(
m(k) +
u′1f
2w
+
u′1f
2κ˜1
)
σy +
(
κ˜3 +
u′3u
′
1
2κ˜1
− u
′
3u
′
1
2w
)
σz (60)
+
(
u′2 −
κ˜2u
′
1
κ˜1
)
σ0, (61)
which takes the same form as Eq. (43).
f(r)ε term
Now let us consider the inversion symmetry breaking by f(r)ε. The Hamiltonian is
H = κ1(k)γ1 + κ2(k)γ2 + κ3(k)γ3 +m(k)γ4 + f(r)γ45. (62)
In this case we parameterize κ as
κ(k) = κ(k)(sin θ(k) cosφ(k), sin θ(k) sinφ(k), cos θ(k)). (63)
Using a momentum dependent unitary transformation U(k) = e−i
φ(k)
2 γ12e−i
θ(k)
2 γ31 , κ · γ can be rotated to κγ3. The
Hamiltonian after the transformation becomes
H ′ = U†HU = κ(k)γ3 +m(k)γ4 + f(r+ iU†∂kU)γ45, (64)
≈ κ(k)γ3 +m(k)γ4 + f(r)γ45 + i∂rif(r)U†∂kUγ45, (65)
= κ(k)γ3 +m(k)γ4 + f(r)γ45 − ∂rif(r)a ji γj . (66)
In the last line we have introduced the notations
ai(r) = iU
†(r)∂kiU(r) =
∂kiφ
2
cos θγ12 − ∂kiφ
2
sin θγ23 +
∂kiθ
2
γ31 = a
j
i (k)bj . (67)
Note that a 3i is the Berry connection corresponding to the upper band of the Hamiltonian κi(k)γi, and the corre-
sponding quantum metric can be written as gij = 2<(a 1i − ia 2i )(a 1j + ia 2j ). To block-diagonalize H ′, it is convenient
to use the representation of the γ matrices γ1 = τx ⊗ σz, γ2 = τy ⊗ σz, γ3 = τz ⊗ σz, and γ4 = τ0 ⊗ σx, and then after
a Schrieffer-Wolff transformation, we obtain the effective Hamiltonian as
HW =
(
f(r)− κ(k) + ∂rif(r)a 3i +
∂rif(r)∂rjf(r)gij
4κ
)
σz +m(k)σx, (68)
which in general describes a nodal line semimetal instead of a Weyl semimetal.
REALIZATION OF SPATIAL INTERFACE BETWEEN TYPE I AND TYPE II WEYL FERMIONS
In this section we demonstrate that the type I and type II Weyl fermion can be realized and the interface between
them can be tuned. We consider a simple Hamiltonian
H = kiγi +mγ4 + u(r) · b, (69)
with TR-breaking triplet
u(r) = u(r)(sin θ(r) cosφ(r), sin θ(r) sinφ(r), cos θ(r)), (70)
which describes real materials such as 3d topological insulators with magnetic texture or topological insulator-magnet
heterostructures (as discussed in Ref. 23). After the unitary transformation which brings u parallel to z axis, the
Hamiltonian becomes
H ′ = W †HW = κ˜a(k, r)γa +mγ4 + u(r)b3 + f(k, r)ε, (71)
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where
κ˜1 = cos θ cosφkx + cos θ sinφky − sin θkz, (72)
κ˜2 = − sinφkx + cosφky, (73)
κ˜3 = cosφ sin θkx + sinφ sin θky + cos θkz, (74)
f =
∂zφ+ cosφ∂yθ − sinφ∂xθ
2
(75)
(the products in κ˜ should be understood as symmetrized). The effective Weyl Hamiltonian reads
HW =
∑
i=1,2
κ˜iσi +
(
−m+ u− κ˜
2
3 + f
2
2m
)
σz −
(
fκ˜3
m
)
σ0, (76)
and the Weyl points are ±KW = ±KW (sin θ cosφ, sin θ sinφ, cos θ) with KW =
√
2m(u−m)− f2. We assume that
2m(u −m) > f2 such that there are always two separated Weyl points. As we have mentioned before, for the first
order Schrieffer-Wolff transformation to be a good approximation, the condition u − m  m should be satisfied.
Expanding around KW , we find (the corrections to the effective gauge fields have been omitted)
HW ≈ eia(ki −KW,i)σa −
fKW
m
, (77)
with the frame and coframe fields being
eµa =

−1 0 0 0
− fm cosφ sin θ cos θ cosφ − sinφ −KWm cosφ sin θ
− fm sinφ sin θ cos θ sinφ cosφ −KWm sinφ sin θ
− fm cos θ − sin θ 0 −KWm cos θ
 , e aµ =

−1 0 0 fKW
0 cos θ cosφ − sinφ − mKW cosφ sin θ
0 cos θ sinφ cosφ − mKW sinφ sin θ
0 − sin θ 0 − mKW cos θ
 ,(78)
Then it is straightforward to get e10e
1
i = e
1
0e
2
i = 0 and e
1
0e
3
i = f/KW , so |f/KW | < 1 describes a type I Weyl
point and |f/KW | > 1 describes a type II Weyl point. The interface between the type I and type II regions, or the
event horizon, is determined by |f/KW | = 1.
From the frame fields we can calculate the emergent metric. Note that ei1 = E
i
1, e
i
2 = E
i
2, and e
i
3 = −KWEi3/m,
so in terms of the local spatial basis Ea where u is always along the z direction, the metric takes a particularly simple
form,
gab =

−1 0 0 − fm
0 1 0 0
0 0 1 0
− fm 0 0 K
2
W−f2
m2
 , gab =

−1 + f2
K2W
0 0 − fm
K2W
0 1 0 0
0 0 1 0
− fm
K2W
0 0 m
2
K2W
 . (79)
The metric is analogous to the Schwarzschild metric in the Gullstrand-Painleve´ coordinates [43, 49, 50] when replacing
f/KW by the velocity of a freely falling observable v(r). Thus, it is clear that the even horizon is determined by
|f/KW | = 1, consistent with the result obtained from the dispersion of the Weyl fermions.
Now we study several magnetization configurations in detail. Ref. 23 studied a Skyrmion like magnetic texture with
u = constant, cosφ = x/
√
x2 + y2, sinφ = y/
√
x2 + y2, and θ =
√
x2 + y2/ξ . In this case f = 0, and therefore the
Weyl point is untilted. To realize a type II Weyl point we can simply replace the Skyrmion like magnetic texture by a
chiral one with cosφ = −y/
√
x2 + y2 and sinφ = x/
√
x2 + y2. Then f = −1/(2ξ) is a constant and 4ξ2m(u−m) > 1
leads to a type II Weyl point.
To realize the interface between type I and type II Weyl fermions, we consider another magnetic texture with
u = constant, cosφ = 1, sinφ = 0, and θ =
√
x2 + y2 + z2/ξ. The symmetry breaking field is slowly vary-
ing if the length scale we are interested in is smaller than ξ. In this case we find f = y/(2rξ) and then
KW =
√
8m(u−m)r2ξ2 − y2/(2rξ). Since the minimal value of |f | is zero, there always exists a type I region,
and the interface between type I and type II regions is determined by y2 = 4ξ2m(u −m)r2, which defines a conical
surface. Clearly, the position of the interface can be tuned by changing parameters such as ξ, which means that the
event horizon may be tuned experimentally, providing a way to simulate the Hawking radiation [43].
As the last example, we consider the magnetic configuration [24] characterized by u(r) =
√
u2||(r) + u
2
3, cosφ =
−y/r, sinφ = x/r, and u3 = u(r) cos θ is independent on r =
√
x2 + y2. Correspondingly, f = −u3∂ru||/(2u2).
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Physically, u3 describes a uniform magnetization in the z direction and u1 and u2 describes a chiral magnetization
with a position dependent amplitude u||(r). It is reasonable to assume u||(r)→ 0 when r →∞, and for simplicity we
take u||(r) = u0e−r/ξ. Then the horizon is determined by 4m(u−m)u4ξ2 = u23u2||, which defines a cylinder.
